In this short note, we improve a result of Prokhorov and Shramov on the rank of finite psubgroups of the birational automorphism group of a rationally connected variety. Known examples show that they are sharp in many cases.
Introduction
We work over an algebraically closed field of characteristic 0.
In [10, §6] , Serre asked if the following property holds (cf. [9, Question 1.1]):
Question 1.1. Is there a constant L(n) (depending only on n) such that if a prime numebr p is greater than L(n), then any finite p-subgroup G of the Cremona group Cr n (k) is abelian, and can be generated by at most n elements?
The question was answered affirmatively by Prokhorov and Shramov in their study of Jordan property of the Cremona groups [6] under the assumption of the well-known conjecture (now a theorem, see [2] ) of boundedness of Fano varieties with mild singularities. As a direct consequence of their almost fixed point property for finite subgroup actions on rationally connected varieties, they showed more generally that Theorem 1.2. [6, Theorem 1.10] There is a constant L = L(n) such that for any rationally connected variety X of dimension n defined over an arbitrary (not necessarily algebraically closed) field k of characteristic 0 and for any prime p > L, every finite p-subgroup G ⊂ Bir(X) is an abelian group generated by at most n elements.
It is interesting to find effective values of the constants L(n). When n ≤ 3, they were studied a few years earlier for elementary abelian p-groups, i.e., G ≃ (Z/pZ) r for some r, see [1] and [5] .
Later, using explicit algebraic geometry of surface and threefolds, it was shown that The goal of this note is to answer Question 1.1 in every dimension without using boundedness of Fano varieties, and to further improve effective values of L(n). Indeed, we will show that L(n) ≤ n + 1.
Main theorem
Our main tool is a remarkable fixed point theorem of Olivier Haution. In this theorem, the field k is algebraically closed of arbitrary characteristic.
Theorem 2.1. [3, Theorem 1.2.1] Let X be a projective variety with an action of a finite p-group G. Assume that one of the following conditions holds:
(i) G is cyclic;
Observe that the structure sheaf O X is G-equivariant. This leads to our main theorem: Theorem 2.2. Let X be a rationally connected variety of dimension n. If G ⊂ Bir(X) is a finite p-subgroup and p > n + 1, then G is abelian and the rank of G is at most n.
Proof. Passing to a smooth regularization of G [7, Lemma-Definition 3.1], we may assume that X is nonsingular and projective, and the group G acts biregularly on X. It is well known that for a nonsingular projective rationally connected variety X, one has χ(O X ) = 1. Therefore by Theorem 2.1 (iii), G has a fixed point x ∈ X as long as p > n + 1. The action of G on the Zariski tangent space T x,X ≃ k n is faithful so that G embeds into the general linear group GL(n, k). Using [9, Lemma 3.3], we conclude that G is abelian of rank ≤ n.
Example 2.3 (1)
The rank r of an elementary p-subgroup of Bir(X) can be greater than n if p ≤ n + 1. For rational surfaces, it is known that r ≤ 4 if p = 2, and r ≤ 3 if p = 3. Both of these upper bounds are sharp, see [1] . For rationally connected threefolds, it is known that r ≤ 6 if p = 2 [4, Theorem 1.2], which is sharp. If p = 3, the product of the Fermat cubic surface with P 1 gives an example showing that (Z/3Z) 4 embeds into Cr 3 (k). Therefore we can take L(3) = 3, which is sharp in dimension 3.
We also know that r ≤ 5 when p = 3 [5, Theorem 1.2], but it is not clear whether r = 5 can be reached.
(2) The lower bound p > n + 1 in Theorem 2.2 is sharp when n + 1 is a prime: the Fermat hypersurface X ⊂ P n+1 of degree n + 1:
x n+1 0 + x n+1 1 + · · · + x n+1 n+1 = 0.
is Fano and hence rationally connected, it admits a faithful action of (Z/(n + 1)Z) n+1 , an abelian group of rank n + 1.
